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Constants of motion of a closed system, such as its energy or charge, are determined by sym-
metries of the system. They offer global insights into the system dynamics and were instrumental
to advances such as the prediction of neutrinos. In contrast, little is known about time invariants
in open systems. Recently, a special class of open systems with parity-time (PT ) symmetry has
been intensely explored for their remarkable properties. However, a complete characterization and
experimental observation of time invariants therein are both still lacking. Here we present an an-
alytical solution for all time invariants of a broad class of PT -symmetric Hamiltonians. Using a
single-photon interferometry setup, we confirm our results by simulating the quantum dynamics of
a PT -symmetric qudit across a fourth-order exceptional point. We further observe the information
flow in the system via the dynamics of qudit entropies. Our results demonstrate conserved quantities
in a non-unitary time evolution, and point towards the rich dynamics and enhanced sensitivity of
systems with higher-order exceptional points.
I. INTRODUCTION
A PT -symmetric system has balanced gain and
loss, and is described by an effective, non-Hermitian
Hamiltonian HPT that is invariant under the com-
bined parity and time-reversal operation [1–14]. As
the gain-loss strength is increased, the spectrum
of HPT changes from real into complex conjugate
pairs, and the corresponding eigenvectors cease to
be eigenvectors of the PT operator. This PT -
symmetry-breaking transition occurs at an excep-
tional point of order n (EPn), where n eigenval-
ues, as well as their corresponding eigenvectors, co-
alesce [15, 16]. The PT transition and the non-
unitary time evolution generated by HPT have been
observed in classical optical systems with EP2 [1–9]
and EP3 [10]. In the quantum domain, PT tran-
sitions across the EP2 have been observed in sys-
tems with mode-selective losses comprising single
photons [11], ultracold atoms [12], and supercon-
ducting qubits [13].
In traditional quantum theory (of closed systems),
an observable O is a constant of motion if it com-
mutes with the Hermitian Hamiltonian, where O =
1 implies the conservation of norm of a quantum
state. A PT -symmetric Hamiltonian, on the other
hand, describes an open system with balanced gain
and loss. What are its conserved quantities, if any?
How do they constrain the dynamics, particularly
in the PT -symmetry-broken region where exponen-
tially amplifying eigenmodes occur?
With an approach inspired by the early work on
pseudo-Hermicity [17–19], we conclusively address
these questions. For a broad class of PT -symmetric
Hamiltonians encompassing all finite-dimensional
discrete models, we analytically construct a maxi-
mal set of linearly independent intertwining oper-
ators with time-invariant expectation values. We
then experimentally confirm our construction in a
minimal PT -symmetric Hamiltonian with an EP4,
by encoding a qudit (d = 4) in the path and po-
larization of a single photon [20] and simulating its
non-unitary dynamics. We track all four linearly
independent time invariants in the PT -symmetric
phase, at the PT transition point (EP4), and in the
PT -broken phase for different initial states. We also
demonstrate the enhanced sensitivity of the system’s
spectrum near the EP4, and further characterize the
information-flow dynamics through the time evolu-
tion of qudit entropies.
ar
X
iv
:1
90
3.
09
80
6v
1 
 [q
ua
nt-
ph
]  
23
 M
ar 
20
19
2II. CONSTRUCTING TIME-INVARIANTS
FOR HPT
Consider an open system described by a d-
dimensional Hamiltonian HPT with an energy scale
J (~ = 1). A Hermitian operator ηˆ is called an in-
tertwining operator [18, 19] for HPT if it satisfies
ηˆHPT = H
†
PT ηˆ. (1)
It follows that the non-unitary time evolution op-
erator G(t) = exp(−iHPT t) keeps ηˆ unchanged, i.e.
G†(t)ηˆG(t) = ηˆ. The expectation value of ηˆ in an ar-
bitrary quantum state is therefore a time invariant.
Thus, in principle, all time invariants can be ob-
tained by solving a set of d2 linear equations (1), an
approach used for PT -symmetric dimer and trimer
cases [21].
Instead, here we derive analytical expressions for
all intertwining operators of an arbitrary Hamilto-
nian with simultaneous transpose and PT symme-
tries, i.e. HPT = HTPT . This broad class includes
all experimentally investigated PT -symmetric sys-
tems [1–13] and most of theoretically studied lattice
models [22, 23]. The transpose symmetry of the
Hamiltonian implies T HPT T = H†PT , where the
time-reversal operator T is given by complex con-
jugation. It follows from the PT symmetry of the
Hamiltonian that the parity operator P is an inter-
twining operator, i.e. ηˆ1 = P. We then construct a
sequence of dimensionless, linearly independent op-
erators by the recursion relation ηˆk = ηˆk−1HPT /J
(k = 2, · · · , d). The intertwining nature of ηˆk−1 im-
plies that ηˆk is also an intertwining operator. This
sequence terminates with ηˆd because the character-
istic equation for HPT is a polynomial of order d.
Thus P(HPT /J)d is a linear combination of lower-
order intertwining operators. By expressing ηˆ and
HPT in the bi-orthogonal eigenbasis of HPT [19], it
is easy to show that there are no additional linearly-
independent intertwining operators as long as the
spectrum of HPT is non-degenerate. The recursive
procedure thus yields a maximal set of d linearly in-
dependent constants of motion for a d-dimensional
Hamiltonian.
III. IMPLEMENTING PT -SYMMETRIC
QUDIT WITH AN EP4
For experimental demonstrations, we use the
Hamiltonian
HPT (γ) =
1
2

3iγ −√3J 0 0
−√3J iγ −2J 0
0 −2J −iγ −√3J
0 0 −√3J −3iγ
 .
(2)
Equation (2) is compactly written as HPT (γ) =
−JSx + iγSz, where Sx and Sz are spin-3/2 rep-
resentations of the SU(2) group. It represents
a PT -symmetric qudit with an anti-diagonal par-
ity operator P = antidiag(1, 1, 1, 1). The four
equally spaced eigenvalues are given by λk =
{−3/2,−1/2,+1/2,+3/2}
√
J2 − γ2, which give rise
to an EP4 at the PT -breaking threshold γ = J .
The advantage of choosing Hamiltonian (2) is that
it can be easily generalized to an arbitrary dimen-
sional system where it still remains analytically solv-
able and has an exceptional point with the order
equal to the system dimension [10, 24]. The single
energy gap
√
J2 − γ2 in the spectrum of (2) and the
fermionic nature of spin-3/2 representation lead to
anti-periodical (G(T ) = −1) dynamics with the pe-
riod T (γ) = 2pi/
√
J2 − γ2 for γ ≤ J . Further, for
γ = 0, occupations Pk(t) = |〈k|ψ(t)〉|2 (k = 1, 2, 3, 4)
of the four modes obey a shifted mirror symmetry,
with Pk(t) = P5−k(t + T/2), which indicates a per-
fect state transfer.
We encode the four modes of the qudit in the spa-
tial and polarization degrees of freedom of a sin-
gle photon, and label them as |1〉 = |UH〉, |2〉 =
|UV 〉, |3〉 = |DH〉, |4〉 = |DV 〉. Here, {|H〉, |V 〉}
are the horizontal and vertical polarizations, and
{|U〉, |D〉} denote the upper and lower paths, which
undergo gain and loss respectively (Fig. 1a). Map-
ping the PT -symmetric Hamiltonian HPT into
a passive PT -symmetric one with mode-selective
losses HL(γ) = HPT (γ)−3iγ1/2, we implement the
4× 4 non-unitary matrix GL(t) = exp(−iHLt) via a
lossy linear optical circuit, which is related to G(t)
through G(t) = GL(t) exp(3γt/2) [11] (Supplemen-
tary Information).
We experimentally measure the occupation Pk(t)
by projecting the time-evolved state onto |k〉 (Sup-
plementary Information). The perfect state transfer
for γ = 0 is confirmed by the transfer of occupation
from the first mode to the fourth mode (Fig. 1b). In
the PT -symmetric phase with a finite γ, whereas the
occupations are periodic in time with a period T (γ),
there is no perfect state transfer at time T (γ)/2 due
to the non-unitary dynamics (Fig. 1c).
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FIG. 1. Characterizing a 4-mode PT -symmetric qudit. (a) Schematic shows gains for modes |1〉 = |Sz = 3/2〉 and
|2〉 = |Sz = 1/2〉, and corresponding losses for the time-reversed modes |4〉 = |Sz = −3/2〉 and |3〉 = |Sz = −1/2〉,
respectively. (b) In the Hermitian limit, mode occupation numbers are periodic with period T = 2pi/J , and perfect
state transfer occurs from mode k to mode 5−k at time T/2. (c) In the PT -symmetric phase, γ = 0.2J , the occupation
dynamics have period T (γ) = 2pi/
√
J2 − γ2, and the total weights exceed unity indicating a non-trace-preserving
time evolution. (d) At γ = J , the norm of the state |ψ(t)〉 grows as t6 with time indicating that the exceptional point
is of order four. (e) Schematic of the optical circuit used for obtaining four complex eigenvalues of the perturbed
Hamiltonian. BS: beam splitter; HWP: half-wave plate; QWP: quarter-wave plate; APD: avalanche photodiode; PBS:
polarizing beam splitter; CC: compensated crystal; GL(t): lossy time evolution circuit (Supplementary Information).
(f) Real and imaginary parts of eigenvalues λk of the perturbed Hamiltonian Hδ as a function of perturbation δ show
a δ1/4 dependence. For (b)-(d), the initial state is localized on the first mode, i.e., |ψ1〉 = |1〉, and for (f), the initial
states are eigenstates |ψδ〉 of Hδ. Symbols: data; lines: theory. Experimental errors are due to photon-counting
statistics; when not shown, error bars are smaller than the symbol size.
At the exceptional point γ = J , the observed
time-dependent norm P (t) =
∑
k Pk(t) grows alge-
braically with time as t6 (Fig. 1d). Such a scaling
is dictated by the order of the exceptional point.
At the EP4, H4PT = 0 and the power-series ex-
pansion of G(t) terminates at the third order, giv-
ing rise to the t6 dependence for the norm. When
a general PT -symmetric Hamiltonian is perturbed
from the exceptional point by a small detuning δ,
the complex eigenvalues in the vicinity of EPn are
given by a Puiseux series in δ1/n [24], indicating en-
hanced classical sensitivity proportional to the or-
der of the exceptional point [10, 25]. To demon-
strate this, we simulate the dynamics of a perturbed
Hamiltonian Hδ(γ) = HPT (γ = J) − iδγ|1〉〈1| and
probe its eigenvalues via interference-based measure-
ments (Fig. 1e; Supplementary Information). The
real and imaginary parts of perturbed eigenvalues
λk as functions of distance δ from the EP4 (Fig. 1f)
show Re(λk) ∼ δ1/4 and Im(λk) ∼ δ1/4 and provide
an independent evidence of the fourth-order excep-
tional point. We note that this is a first direct mea-
surement of eigenenergies in single-photon dynam-
ics.
IV. OBSERVING TIME INVARIANTS
For a four-dimensional system, the recursive pro-
cedure gives four intertwining operators ηˆk =
P(HPT /J)k−1 (k = 1, 2, 3, 4). To obtain their
time-dependent expectation values, we carry out
quantum-state tomography on the time-evolved
states (Fig. 2a). Figure 2b shows the measured qudit
density matrix ρ(t) for a system with γ = 0.2J and
an initial density matrix ρ(0) = |1〉〈1|/3 + 2|4〉〈4|/3
at times t/T (γ) = {0.1, 0.4, 0.7, 1}. In our exper-
iment, we also reconstruct the time-evolved states
|ψk(t)〉 across multiple time scales and over a wide
range of γ for four different initial states, given by
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FIG. 2. Time invariants across the EP4. (a) Schematic of quantum-state tomography required to reconstruct the
time-evolved state |ψ(t)〉 or the 4 × 4, complex, density matrix ρ(t). (b) Reconstructed time-dependent density
matrix of the PT -symmetric qudit with γ = 0.2J and initial value ρ(0) = |1〉〈1|/3 + 2|4〉〈4|/3, measured at times
t/T (γ) = {0.1, 0.4, 0.7, 1}, shows a periodic time evolution consistent with the PT -symmetric phase. (c)-(f) For a
symmetric initial state |ψ2〉, the measured expectation values ηk(t) of the four, dimensionless intertwining operators
depend on γ, but remain time invariant. (g) At the EP4 (γ = J), η3(t) remains constant over two time-scales that
differ by a factor of 15, but depends on the initial state. (h) Deep in the PT -broken region (γ = 1.2J), measured
η3(t) remain time invariant although the norm of each state |ψa(t)〉 exponentially grows with time.
|ψ1〉 = |1〉, |ψ2〉 = (|1〉+|2〉+|3〉+|4〉)/2, |ψ3〉 = (|1〉+√
2|4〉)/√3, |ψ4〉 = (|1〉 + |4〉)/
√
2, to obtain time-
dependent expectation values ηk(t) = 〈ψ(t)|ηˆk|ψ(t)〉
across the EP4.
Figures 2c-2f show measured expectation values
ηk(t) for the symmetric initial state |ψ2〉. While
generically dependent on γ, the expectation values
ηk(t) remain time invariant regardless of whether the
system is Hermitian (γ = 0), in the PT -symmetric
phase (γ = 0.2J), at the EP4 (γ = J), or deep
in the PT -symmetry broken region (γ = 1.2J).
Interestingly, the time invariant η3(t) measured at
the transition point EP4 and over two different
time scales shows that it is not positive-definite and
can be tuned by an appropriate choice of the ini-
tial state (Fig. 2g). The same is true deep in the
PT -symmetry broken regime (Fig. 2h). The per-
sistence of time invariants in these last two cases
leads to phase locking in the time-evolved states
(Supplementary Information), while their norms in-
crease with time algebraically or exponentially [23].
Results in Fig. 2 clearly demonstrate that despite
their non-unitary evolution, open systems governed
by PT -symmetric Hamiltonians support conserved
quantities.
V. OBSERVING INFORMATION
DYNAMICS
A crucial aspect of dynamics is the informa-
tion flow between the system and environment,
or between gain and loss sectors within the sys-
tem. This is reflected in the qudit entropy S(t) =
−Tr [ρ˜(t) log2 ρ˜(t)], where ρ˜(t) = ρ(t)/Tr [ρ(t)] is
the instantaneously normalized density matrix, and
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FIG. 3. Quantum information dynamics of the PT -symmetric qudit. (a) Qudit entropy S(t) is constant when γ = 0
and oscillates in PT -symmetric phase (γ = 0.2J) with period T (γ). Gain and loss sector entropies SGain (b) and
SLoss (c) of the same time-evolved system. Corresponding reduced density matrices ρGain(t) (b) and ρLoss(t) (c) trace
different paths inside the Bloch sphere. (d) Entropy dynamics in the PT -symmetric phase for a family of mixed
states ρα(0). Dynamics of the entanglement entropy SE(t) with different non-Hermiticities γ (e) and different pure
initial states (f).
the gain- and loss-sector entropies, SGain(t) and
SLoss(t), respectively. These are obtained from
the gain- and loss-sector reduced density matrices
ρGain(t) = Tr3,4 [ρ(t)] and ρLoss(t) = Tr1,2 [ρ(t)]. A
full knowledge of the time-dependent state through
the quantum-state tomography allows us to experi-
mentally explore the information flow. Here, we fo-
cus on the quantum dynamics in the PT -symmetric
region. At the EP4 or in the PT -symmetry broken
region, due to the diverging state norm, the nor-
malized density matrix ρ˜(t) and various entropies
approach a steady state (Supplementary Informa-
tion) [26, 27].
Starting with a mixed initial state ρ2(0) =
0.9|ψ1〉〈ψ1|+ 0.1|ψ2〉〈ψ2|, the time-dependent qudit
entropy S(t) is constant in the Hermitian limit and
shows periodic oscillations in the PT -symmetric re-
gion (Fig. 3a). This demonstrates an exchange of
quantum information between the system and its
environment in the PT -symmetric region. By con-
trast, SGain(t) and SLoss(t) oscillate in the Hermi-
tian limit and show a qualitatively similar behavior
throughout the PT -symmetric region. The reduced
density matrices ρ˜Gain(t) and ρ˜Loss(t), on the other
hand, trace out distinct trajectories on the Bloch
sphere (Figs. 3b and 3c). Figure 3d shows the en-
tropy dynamics for a family of mixed initial states
ρα(0) = α|ψ1〉〈ψ1| + (1 − α)|ψ3〉〈ψ3| in the PT -
symmetric phase with γ = 0.2J . Starting from a
pure state with zero entropy and with increasing α,
the qudit entropy develops oscillations with a period
T (γ) and an amplitude that vanishes as α→ 1.
Finally, we explore the dynamics of the entangle-
ment entropy by choosing pure initial states. For
6a symmetric initial state |ψ2〉, SE(t) = SGain(t) =
SLoss(t) shows little difference between the Hermi-
tian case and the PT -symmetric case (Fig. 3e). On
the other hand, the periodic results for SE(t) in
Fig. 3f show that its behavior, maxima, and min-
ima can be engineered by the choice of the initial
state.
VI. DISCUSSION
By analytically tabulating and directly observing
the time invariants, we have evinced the mathemat-
ical structure and consequences of conserved quan-
tities in a wide variety of PT -symmetric systems.
The observed enhanced sensitivity at the fourth-
order exceptional point, phase locking, and quan-
tum information flow signal the rich dynamics of
PT -symmetric systems with higher-order EPs that
is potentially useful in developing ultrasensitive de-
tection devices [10, 25].
Appendix A: Data analysis
Time-dependent occupation numbers for the four
modes are defined as Pk(t) = |〈k|ψ(t)〉|2 (k=1,2,3,4),
where |ψ(t)〉 = G(t)|ψ(0)〉. In our experiment, in-
stead of G(t), we realize the lossy evolution oper-
ator GL(t) at any given time t and access time-
evolved states by enforcing GL(t) on the initial state.
We define a correction factor C = exp(3γt/2) to
map experimental realizations of GL(t) into G(t)
with gain and loss. We perform projective mea-
surement on the time-evolved states, and obtain the
number of the photons Nk in each mode |k〉 and
the raw data for the occupation numbers P ′k(t) =
Nk(t)/ [
∑
kNk(t) +NLoss(t)]. Here, NLoss(t) is the
number of the photons which are lost from the op-
tical circuit, as required by passive PT -symmetric
dynamics. After the correction, we obtain the ex-
perimental results of the occupation numbers for
each mode P expk (t) = |C|2P ′k(t). Similar to the time-
dependent norm P (t) = |〈ψ(t)|ψ(t)〉|, we obtain the
raw data for the norm P ′(t) =
∑
k P
′
k(t) via projec-
tive measurement. After the correction, the experi-
mental result for the norm is Pexp(t) = |C|2P ′(t).
For the eigenenergies λk of the perturbed Hamil-
tonian Hδ = HPT (γ = J) − iδγ|1〉〈1| at the EP4,
we simulate passive non-unitary dynamics governed
by a perturbed Hamiltonian H ′δ = Hδ − 3iγ1/2.
The eigenvalues ξk of non-unitary time evolution
operator Gδ(t) = exp(−iH ′δt) can be obtained via
interference-based measurement [28]. The evolution
time is fixed to Jt = 0.5 for this case. The eigenen-
ergies λexpk are obtained from the experimental data,
i.e. λexpk = 2i ln ξk + 3iγ/2.
For time invariants, we reconstruct the nor-
malized density matrix ρexp(t) of the time-
evolved states via quantum-state tomography. Af-
ter the correction, the density matrix of the
states evolving under HL is given by ρ′(t) =
ρexp(t)
∑
iNi(t)/ [
∑
iNi(t) +NLoss(t)], where i =
U,D are the spatial modes of photons. Raw time
invariants are obtained as η′k = Tr [ηˆkρ
′(t)]. After
the correction, the experimental results for time in-
variants are obtained as ηexpk (t) = |C|2η′k(t). The
entropy calculations use instantaneously normalized
density matrices and are carried out using ρexp(t).
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